We investigate higher-order breathers of the cubic nonlinear Schrödinger equation on an elliptic background. We find that, beyond first-order, any arbitrarily constructed breather is a single-peaked solitary wave on a disordered background. These "quasi-rogue waves" are also common on periodic backgrounds. If the higher-order breather is constructed out of constituent first-order breathers with commensurate periods (i.e., as higher-order harmonic waves), then one obtains "quasi-periodic" breathers with distorted side-peaks. Fully periodic breathers are obtained when their wave numbers are harmonic multiples of the background and of each other. They are truly rare, requiring finely tuned parameters. Thus, on a periodic background, we arrive at the paradoxical conclusion that the apparent higher-order rogue waves are rather common, while the truly periodic breathers are exceedingly rare.
I. INTRODUCTION
The dimensionless cubic NLS equation, given by i ∂ψ ∂x + 1 2
with t and x being the transverse and longitudinal variables, and ψ ≡ ψ(x, t) the slowly-varying wave envelope, has been widely used in the field of nonlinear optics and photonics to guide experimental realizations [1] [2] [3] and theoretical explorations [4] [5] [6] [7] [8] [9] [10] of higher order breathers and rogue waves in optical fibers. For a recent review, see Ref. [11] . While the study of breathers and rogue waves on a uniform background, including those based on extended NLS equations, has matured with a body of analytical results [5, 7, [11] [12] [13] [14] [15] [16] [17] , similar studies on periodic backgrounds have started only recently [8, [18] [19] [20] .
In this work, we are specifically interested in breathers on the dnoidal Jacobi elliptic function (JEF) background, which has the form:
where k is the elliptic modulus (not to be confused with the elliptic parameter, k 2 ). As our analysis will show below, at this time it is unlikely that one can derive analytical expressions for our breathers; therefore we focus on studying solutions of (1) using a numerical implementation of the analytical Darboux transformation (DT) procedure [6] [7] [8] [9] [10] . In a nutshell, the procedure states that given a simple, zeroth-order "seed" solution ψ 0 (x, t) of (1), such as (2) , one can generate an N th -order solution recursively via:
where the sum goes over N constituent first-order solutions of the Lax pair equation, characterized by generally complex eigenvalues λ m . The two functions r m1 (x, t) and s m1 (x, t) are the Lax pair generating functions for the m th first-order constituent breather. In this work, we restrict ourselves to purely imaginary eigenvalues:
corresponding to Akhmediev type breathers [21] , rather than Kuznetsov-Ma type breathers [22, 23] . As per the Peak Height Formula (PHF) [18] , these solutions have a peak-height of:
In this work, we will concentrate on demonstrating the surprising finding mentioned in the abstract: beyond firstorder, any arbitrarily constructed breather on an elliptic background looks very much like a rogue wave. We relegate all the technical details on the DT and the PHF to the appendix.
The paper is structured as follows. In Sec. II we demonstrate, by enforcing the reality of the wave number, that in contrast to the uniform background case [12, 13] , the first-order breathers on an elliptic background can at most be quasi-periodic in the t-direction, unless the matching condition (23) is obeyed. The concatenation of N such first-order breathers then generally results in an aperiodic N th -order breather greatly resembling a rogue wave (RW). In Sec. III, we show that if the periods of the constituent first-order breathers are commensurate with one another, then one sees a quasi-periodic N th -order breather, where the repeating side peaks are distorted by the background. In Sec. IV, we show that truly periodic N th -order breathers are produced if and only if the periods of the constituent first-order breathers are all matched to that of the background. This requires restricting the parameters ν and k to a special set of contours γ q (Eq. (23)) in the νk-plane. Our conclusions are summarized in Sec. V.
II. APERIODIC BREATHERS ON AN ELLIPTIC BACKGROUND
For a breather to be periodic (along the t direction), its wavenumber must be real [8] . Assuming purely imaginary eigenvalues λ m = iν m , the half-wavenumber is given by:
which restricts the range of ν m to
Alternatively, from (7) one sees that
or
which then restricts (ν m , k) to half of an ellipse Γ, centered on (1/2,0), with the vertical semi-major axis being 1 and the horizontal semi-minor axis 1/2. This is shown in Fig. 1 below, and summarized succinctly by:
In Fig. 2 , we show the three periods of a first-order breather obeying the κ-reality condition (11) . This breather is clearly not periodic, since the repeating side-peaks are not identical to the central peak. Next, in Fig. 3 , we show a set of higher-order breathers. Their eigenvalues ν m obey (11), but are otherwise arbitrary. These higher order breathers are even more aperiodic, with the repeating side peaks highly distorted and diminished in intensity, leaving only a central peak of great height intact. It is a matter of definition how one defines a rogue wave, but Fig. 3 clearly shows four solitary, high intensity peaks in the midst of an increasingly disordered background, each resembling more an oceanic rogue wave than a breather. We will refer to these unmatched solutions as quasi-rogue waves (QRWs). The phenomenon of QRW has only came to light recently in the study of higher-order breathers on periodic backgrounds [20, 24] . They are not apparent in the study of first-order breathers on a periodic background, nor are mentioned in the study of RWs on a constant background.
III. QUASI-PERIODIC BREATHERS
We now match the periods of the constituent breathers of these higher-order structures to the fundamental breather, i.e.:
where κ ≡ κ 1 is the period of the fundamental breather, characterized by ν ≡ ν 1 . We choose the constituent breather wave numbers to be harmonics of each other, analogously to the uniform background case where these breathers would have been strictly periodic and of maximal peak-height (at a given periodicity) [13] . Writing out (12) explicitly, gives:
which leads to an expression for ν m in terms of ν and k
where A plot of Eq. (14) for multiple values of m is shown in Fig. 4 . Note that in Fig. 4 , the curves ν m (k), ∀ m ∈ Z + , clearly intersect at a point (ν max , ν max ) in the νν m -plane, given by the upper limit of Eq. (8):
where k ≡ √ 1 − k 2 is the complementary elliptic modulus. A first-order solution characterized by this value of ν is known as the Concentrated Cnoidal Rogue Wave (CCRW) [8] and was simply referred to as the"bright" rogue wave in Ref. [18] . This solution with κ = 0 is a single solitary peak on a periodic background, and is considered the natural generalization of the Peregrine rogue wave on a constant background. However, higher-order rogue waves generated by multiple values of (16) have degeneracy problems and cannot be directly described by the DT [9] . By contrast, as shown in Fig. 3 , an arbitrary high order QRW can be easily constructed using DT. Figure 4 , showing the plot of Eq. (14), implies that for a fixed m, there is some cutoff ν = ν *
Thus, to generate a breather of order at most N , one must have ν ∈ (ν * N , ν * N +1 ]. The imaginary part of ν m (k, ν) will be non-zero if and only if the term under the inner square root in (14) is negative. Thus, to find ν * m , we need to solve:
This gives:
where
Substituting (18) into (14), one obtains ν m (ν = ν * m , k) = k/2, ∀ m ∈ Z + , independent of m. The importance of this result will be discussed in Appendix A.
Consequently, each curve ν m in the νν m -plane starts from the point:
This is a stricter condition on ν than the lower-limit of Eq. (8), since k > (1 − √ 1 − k 2 ) ∀ k ∈ (0, 1). Referring to the PHF (5), the lower limit (20) then implies that when transitioning from an N th -order to an (N + 1) st order breather, the peak would instantly jump by 2(k/2) = k and would not just increase smoothly as in the simpler constant background case [13] . This can be seen clearly in Fig. 5 . Figure 6 shows the three "quasi-periods" of higher-order breathers with ν m obtained from Eq. (14), and ν and k selected arbitrarily. The effect of matching the constituent breathers' periods drastically improves the overall periodicity of the high order breather, with seemingly repeating higher-order side-peaks in the 3D plots. However, closer inspection of contour plots near the base of the breather reveals remaining distortions in the side-peaks. They are still not identical to the central peak. This is reminiscent of the first-order case, as shown in Fig. 2 . These higher-order breathers are all quasi-periodic. In the limit of k → 0, ν m → √ m 2 − 1/m, (14) reproduces our previous results of a m = ν 2 m /2 = (1 − 1/m 2 )/2 for breathers on a constant background in Ref. [13] .
IV. FULLY PERIODIC BREATHERS
The period of the dn(t; k) background is given by:
is the complete elliptic integral of the first kind. Matching the period of the background (21) to the breather requires:
where T B = 2π/(2κ) = π/κ is the period of the fundamental breather and q is a positive integer. This leads to an expression for κ:
Substituting back into (6), one obtains the condition for matching a breather to the background:
Note that γ q=1 = ∅. As shown in Fig. 1 , it is clear that γ q ⊂ Γ ∀ q ∈ Z + , and γ q→∞ = ∂Γ (i.e. the boundary of Γ, Eq. (11)). Thus, any (ν, k) ∈ γ q results in κ ∈ R. Additionally, if a higher-order breather has matched constituents via Eq. (14) , its period will be T B , and thus one only needs (ν, k) ∈ γ q . Figure 7 shows a fully periodic first-order breather. It is clear that selecting a set of parameters (ν, k) satisfying Eq. (23) leads to a truly periodic structure. We additionally show several fully periodic higher-order breathers in Fig.  8 , combining conditions (23) and (14) . In general, the effect of matching to the background is subtle in 3D plots, yet abundantly clear in the contour plots. The peak of the central breather is centered at the origin, where ψ 0 (0, 0) = 1. If the parameters (ν, k) / ∈ γ q (i.e. q / ∈ Z), the side peaks will then be displaced from the peak of ψ 0 . On the other hand, when (ν, k) ∈ γ q , q ∈ Z + , all breather peaks lie precisely on top of the background crests and we get perfect periodicity. We provide a video in this work's supplemental material which clearly demonstrates this process [25] . In this work, we have numerically solved for the higher-order breathers of the nonlinear Schrödinger equation on an elliptic background, by iterating the Darboux transformation. It is found that the periodic background exerts much more profound impact on the higher-order breathers than previously thought. Because of the periodic background, any unmatched higher-order breather has only a single high intensity peak, resembling a rogue wave. These QRWs have a far richer structure than the standard, monotonic Peregrine-like rational rogue waves.
The chaotic background shown in Fig. 3 is also of interest. It is well known that two-wave mixing can only result in quasi-periodic structures. This is the case of Fig. 2 , the two waves being waves having the period of the breather and that of the background. However, three and more wave mixing can lead to chaos. This is the resulting background we see in Fig. 3 .
Truly periodic higher-order breather can only be recovered by matching all the constituent breathers' periods to each other and to the background. Matching constituent breathers' periods to each other produces quasi-periodic with distorted side peaks. Further matching the periods of the breathers to that of the background yields side-peaks identical to the central peak and sit precisely on top of the crests of the background some periodic distance away. While a general breather of order N has an N +1 dimensional parameter space, fully periodic breathers are constrained to a countably-infinite set of contours in a 2D parameter space, and are thus exceedingly rare. We have termed such a periodic higher-order breather the periodic rogue wave in Ref. [24] . Our findings are summarized in Table I . This explains why, on a periodic background, the only common high peak structures that can occur are, paradoxically, the quasi-rogue waves of Fig. 3 . The cubic NLSE (1) can be written as the compatibility condition of the following two equations [26] :
The operators (matrices) L and A are known as the Lax pair of (1), and the functions r(x, t) and s(x, t) are the Lax pair generating functions. λ is generally a complex eigenvalue, and is independent of the evolution variable x (so that the Lax pair is isospectral). The compatibility condition of (A1) is known as the Lax equation or zero-curvature condition, and gives rise to the cubic NLSE (1):
where [A, L] ≡ AL − LA is the commutator.
Given an initial solution of (1), one can find a more complicated solution of order N via the Darboux transformation: [7, [26] [27] [28] :
where the higher-order Lax-pair generating functions are computed recursively via [26, 28] : 
To find the starting functions of the recursion, i.e. r 1m and s 1m , we take the Ansätze:
and ψ as given in Eq. (2) . Substituting in the Lax pair equation (A1) and suppressing subscripts, one gets [8] :
However, as noted in [8] , the four coupled first-order differential equations (A8) cannot be solved analytically. Nonetheless, one can solve for the profiles and derivatives at t = 0, given by [8] :
is half the wavenumber of the m th constituent breather, χ m = arccos (κ m )/2 is the background dependent phase, and A and B are two phase constants. One can then evolve Eq. (A9) along the t-axis numerically. All the results in this work employ a fourth-order Runge-Kutta method and sufficiently small grid spacing.
In previous works [13, 18, 19] , using the DT, we derived the so-called Peak Height Formula (PHF) for N th -order solutions of nonlinear Schrödinger-type equations:
This requires the Lax pair generating functions to only differ by a phase at the origin [18] :
One can easily verify that equations (A9), with proper choice of A and B, lead to r(x, t) and s(x, t) that obey the PHF condition (A12) with φ = π/2, leading to the PHF (5). 
